peop en Mathematics and Computing: A Fourth Level Course M433 BG 


TERU M433 Aspects of Abstract Algebra 


M433 
Block Guides 


Guide to Block | 


Written Material 


Block I is designed to provide you with essential results on algebraic structures 
such as groups, rings, fields and vector spaces which are needed in the development 
of Galois Theory. To all intents and purposes, the six units of this block are 
independent of the set book. 


Cassette Tape 


The cassette tape for Block I is linked with some of the teaching material in Unit 2. 


Guide to Block Il 


Written Material 


The work in Block II is based entirely on the set book: Ian Stewart, Galois Theory, 
Chapman and Hall, 2nd edition (1989). The units contain problems, solutions and 
examples, but very little direct commentary on the set book. 


At the beginning of each unit it is stated quite clearly which portion of Stewart 
comprises that unit’s work. You may prefer to simply read through the relevant 
chapter(s) of Stewart, and refer to the unit later. Alternatively, you may work 
through the unit and read the portions of Stewart where indicated. Choose the 
work-style which suits you best. 


Mathematics textbooks are almost always written more concisely than are Open 
University correspondence texts, and Stewart is no exception. You will, therefore, 
probably find that you need to stop more frequently to work things out and fill 
in the details. For this reason, you should always have a pen and paper handy 
when you are reading. There are cassette tape commentaries for use when reading 
Chapters 9-13. 


This course was previously 
presented under course code 
M333 using the first edition 
of Stewart, Galois Theory. 
Some course material may 
still bear this code. Any 
changes needed for the use of 
such material are given in 
M433 Stop Press 1. 
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Cassette Tape 


The cassette tape for Block II is quite different from the one for Block I. It has 
a single aim—to help you to read the set book. There is rarely any extra printed 
material to go with it. 


We suggest that you always try to read the set book first, even if your initial reading 
is rather cursory. Note any points of difficulty, and then try again with the aid of 
the tape commentary. When listening to the tape, always have Stewart (and the 
correspondence text if necessary) open at the right place, and have pen and paper 
handy. Natural breaks in the commentary are indicated by short phrases of music, 
but we expect you will want to stop the tape far more often than that. When 
a reference to an earlier result is given by the speaker, there may be no need to 
stop and look it up immediately: just note down the reference and look it up later. 
Since the tape was made for use with the first edition of Stewart, you will find that 
the page numbers given on the tape do not correspond with those in the version of 
Stewart that you are using. However, there is no change in the numbering of the 
Lemmas and Theorems, which should make identifying the correct results relatively 
simple. 


‘To help you locate particular portions of the tape, here is a list of approximate 
timings of the different sections. 


Starts after approximately 
this number of minutes 


Side 1 


Unit 9 Discussion of how to read proofs in the context 0 
of a commentary on the proof of Lemma 9.1 


Unit 10 Theorem 10.1 14} 
Proposition 10.2 17} 
Theorem 10.3 20 
Lemma 10.4 25 
Theorem 10.5 26 
Theorem 10.6 302 
Corollary 10.7 373 
Theorem 10.9 39 
Theorem 10.10 42 

Side 2 


Unit 11 Chapter 11 
Unit 12 Definition of ‘soluble’ on pages 114 and 115 


Examples on page 115 93 
Lemma 13.1 12 
Theorem 13.2 (1) 123 
(2) 173 
(3) 22} 
Theorem 13.4 263 
‘Theorem 13.9 37 
Lemma 13.10 39 


Mathematical Content of Units 


Block II is devoted to proving the very elegant and useful result known as The 
Fundamental Theorem of Galois Theory. 


Unit 7, Field Automorphisms Here we introduce the idea behind Galois Theory, 
showing how to associate a group G with a field extension L: K and subgroups 
of G with subfields of L containing K. There are plenty of examples, but there is 
little abstract mathematics. This is a short unit, which can be studied at the same 
time as the last two sections of Unit 6. 


Unit 8, Normality and Separability Here we define three concepts which are crucial 
in Galois Theory: normal extensions, splitting fields and separable extensions. 


Unit 9, Field Degrees and Group Orders; Unit 10, Field Monomorphisms In these 
two units we dirty our hands with several technical results, leading to the proof of 
the Fundamental Theorem in Unit 11. In the mass of details here it is easy to lose 
sight of where we are going. We also anticipate that difficulties with reading proofs 
may begin around here, so the tape commentary for Unit 9 includes some advice 
on how to do this. 


In fact, several of the results which we prove here are useful in their own right, as 
you will discover in Block III. 


Unit 11, The Fundamental Theorem of Galois Theory As all the hard work has 
been dene in Units 9 and 10, the threads are simply pulled together here to prove 
the Fundamental Theorem. Then an illustrative example is investigated. This is 
another short unit. 


Unit 12, Soluble Groups The group theory from Unit 6 is developed further, to 
enable us to apply the Fundamental Theorem to various interesting problems in 
Block II. This is a long unit, which may be started at any time after completing 
Unit 6. 


Guide to Block Ill 


This block contains four units, which you can study in any order—the order in 
which Stewart puts them is 14, 15, 13, 16. In the assignment, TMA 04, you may 
answer questions on any two of these units. 


The examination will contain questions on all four units, so the more you study, 
the more choice you will have. Also, since all four units use the ideas and results 
from Block II, the more you study, the more you will revise and consolidate the 
earlier work. 


Conventions and Results 


To avoid unnecessary duplication, we prove here two results which are needed in 
more than one of the units. First, there is a convention which we shall use through- 
out this block: ‘the Fundamental Theorem’ means ‘The Fundamental Theorem of 
Galois Theory’ (Theorem 11.1 of Stewart). 


The first result is a generalization of the argument used on page 84 of Stewart. 
Theorem III.1 Let p be a prime and n a positive integer, and let K be a field. 
Then, for all a,b E€ K, 

(a +b)” =a?" 40" +p-k 
for some k € K. (Here p-k means k + ---+k (p terms).) 
Hence, if K has characteristic p, then 

(a +b)” = aP" +0", 
Proof On page 84 of the set book, we proved that if r is an integer such that 


p 


0< r< p, then (2) = ; is an integer divisible by p. Therefore 


ce r) 


(oto =a + (Paros (2) are? 4. 


af P a?bP 7? 4 P ab? =} + bP 
p-2 p-1 
=a” +b +p-x for some z € K. 


We now prove the general result by induction on n. The case n = 1 is what we 
have just proved. Now suppose that 


(a+ bp" =a" 4 yp +pry 


for some y € K. Then, using the case n = 1 and the third and fourth equalities 
we obtain 


(a+ by" = (aa) 
( 


$ 


ll 


(a 40)" + ey tee 
for some z € K 
= wey F (w=) +p:w+p-y(p- y) + pez 
for some w € K 
=a?" 40" 4p-k 
where k = (w+y(p-y)?-!+2z) and so k € K. 
So, by induction, the result holds for all n. 
Finally, if K has characteristic p then, for all k € K, we have p-k = 0 so that 
(a+ b)" =a?" 40" m 


The other result is useful when, as is often the case, we are dealing with splitting 
fields which are subfields of the complex numbers. 


Theorem III.2 Let L be a subfield of C such that L ÉR and L:Q is a finite 
normal extension, and let K = LAR. Then 


|[(L: K)| = 2 
and 
[L: K] =2. 


Proof Complex conjugation is an automorphism of C, so its restriction to the 
subfield L of C is a Q@-monomorphism ¢: L — C. 


Since L : Q is finite and normal, Theorem 10.5 shows that ¢ is a Q-automorphism 
of L. Since complex conjugation has order 2, we have ¢? = 1. If z € L\R, then 
(z) =7#2zs0 that 6F#1. 

Therefore |(#)| = 2. 


By Theorem 9.4, 
IL: (9)4] = I) = 2. 
But ($)! is the fixed field of (4), so 


(6)! = (2€L:6(2)=2={2€L:7=3} 
=LOR 


since the reals are the only complex numbers which are equal to their complex 
conjugates. Thus (¢)t = K, and so 


[L: K]=2. 


Since Q has characteristic zero, L : Q is separable and so we can use the Fundamental 
Theorem. Part (3), with M replaced by K, gives 


PKS IE]: 
But K* is simply [(L: K), so 
I: K)|=[L:K]=2. m 


Notes on Units 


Unit 13, Geometric Constructions The first section of this unit is based entirely 
on Chapter 5 of Stewart, so it can be studied at any time after completing Unit 5. 
The second section is based on Chapter 17 of Stewart and, like the rest of Block III, 
uses ideas from Block II and, in particular, the Fundamental Theorem and the p- 
groups section of Unit 12. Also, in the proof of Lemma 17.11 we need to use the 
result of Lemma 14.3, which is part of Unit 14—please note that you need only 
read this result; you are not expected to understand the proof unless you are also 
studying Unit 14. 


Unit 14, Solution of Equations by Radicals Apart from the first section, which 
consists of introductory problems designed to remind you of various results used 
in the unit, this unit is based entirely on Chapter 14 of Stewart. It uses all the 
ideas in Block II (except inseparability), particularly Unit 12, and even a little real 
analysis! 


Unit 15, Finite Fields This unit has four sections. The first and third cover 
Chapter 16 of Stewart. The second is a detailed study of the orders of elements in 
groups, especially abelian and cyclic groups; this material is needed for Section 3. 
The last section extends Stewart’s study of finite fields by investigating in detail 
heir automorphism groups and, hence, their subfields. Many of the proofs in 
Sections 2 and 4 of this unit are set as problems. We hope that you like this 
method of learning proofs by ‘having a go’ first; we are sure that you will learn a 
ot through it—but if you find that you do not have time to try these proofs yourself, 
lease treat the problem plus solution as you would normally treat a theorem plus 
roof. This unit uses all the ideas from Block II except Unit 12. 


Unit 16, The Fundamental Theorem of Algebra, Separable and Simple Extensions 
This unit is a pot-pourri of interesting applications of Galois Theory; the first two 
sections are independent, but the third uses some material from each of them. Only 
the first section covers material in Stewart—it is based on Chapter 19. In this unit 
again, many parts of the proofs are set as problems—the comments on this system 
given under Unit 15, above, apply here also. This unit uses ideas from Block II, 
articularly Unit 8, including inseparability, and the p-groups section of Unit 12. 


If you study both Units 15 and 16, we hope you will notice that the results of 
Problem 15.3.4 and Theorem 16.3.4 are complementary (the coincidence of the 
numbering is entirely fortuitous). 


Cassette Tape 


The cassette tape for Block III has the same function as that for Block II. There 
are some slight problems caused by the tape being made for the first edition of 
Stewart. These are as follows. 


(i) Lemmas 14.2 and 14.3 have been combined to form Lemma. 14.2, so the first 
two sections of Side 2 will be of little interest. 


(ii) Your edition of Stewart has a different proof of Theorem 14.1 to that com- 
mented on in the tape, which uses Lemma 14.5. Again the commentary will 
not be of much help; however, in compensation, the revised proof is rather 
easier to follow than the original. 

(ili) Since the new version of Stewart introduced a new Chapter 18, the last two 
sections of Side 2 are concerned with what your version of the set book numbers 
Lemma 19.3 and Theorem 19.4. 


Here is a list of approximate timings of the sections of the Block III tape (the page 
references are to the second edition of Stewart). 


Starts after approximately 
this number of minutes 


Side 1 

Unit 13 Introduction to regular n-gons 
Lemma 17.5 
Corollary 17.6 
Lemma 17.7 
Lemma 17.8 and its preamble 
Lemma 17.9 
Lemma 17.10 
Theorem 17.11 

Unit 15 Theorem 16.3 l 
Theorem 16.4 18 
Corollary 16.6 19 
Example 2 on page 159 19Ł 
Final paragraph on page 159 ait 
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Side 2 
Unit 14 (Old) Lemma 14.2 
(Old) Lemma 14.3 
Lemma 14.3 (Old 14.4) 
Lemma 14.4 (Old 14.5) 
Proof of Theorem 14.1 (Old version) 
Lemma 14.7 
Unit 16 Lemma 19.3 (Old 18.3) 
Theorem 19.4 (Old 18.4) 
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